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Let (U, 1) be an approximation space, where U is a non-empty set and p is an equivalence
relation on O. For any subset H C U, we can define the lower approximation and the upper

approximation of H. A set H is called a rough set if its lower and upper approximations
are not equal. In this study, we explore the algebraic structure that emerges when certain
binary operations are defined on rough sets. Specifically, we investigate the conditions under
which a subset H forms a rough semimodule over a rough semiring. We present several key
properties of this structure and construct illustrative examples to support our theoretical

results.
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1. INTRODUCTION

Rough set theory is a mathematical technique that was first intro-
duced by Pawlak [1]. This theory is related to the approximation
space concept [2]. Given an approximation space (U, R) with
a non-empty set O and R the equivalence relation of U. If X
is a subset of U, then the combination of equivalence classes
contained in X is called lower approximation and is denoted by
Apr(X). In addition, the combination of equivalence classes that
intersect the set X which is a non-empty set is called an upper
approximation, denoted by Apr(X). A subset X is a rough set if
its lower and upper approximations are not equal.

Various studies have been carried out regarding the applica-
tion of rough sets to algebraic structures. Biswas and Nanda [3]
conducted research on rough groups and rough subgroups with
both tied to the upper approximation but not to the lower ap-
proximation. On the other hand, Wang and Chen [4] also studied
about some properties of rough groups. Furthermore, Davvas
[5] conducted a study regarding rough sets in rings. Research
was also carried out by Davvaz and Mahdavipour [6] regarding
rough modules. In 2001, Han [7] studied homomorphism and
isomorphism in rough sets. Then, Miao et al. [8] studied rough
groups, rough subgroups, and their properties. Previous workers,
Qun-Feng et al. [9] studied rough modules and some of their

properties. In 2014, it was strengthened by Sinha and Prakash
in their research on projective modules in rough sets [10], injec-
tive modules based on rough set theory [11], and rough exact
sequences of modules [12]. In 2015, Bagirmaz and Ozcan [13]
studied rough semigroups on approximation spaces. In 2021,
Davvas et al. [14] studied fuzzy sets and rough sets. In 2022,
Hafifulloh et al. [15], studied the properties of rough V-coexact
sequences in a rough group, and in the same year, Nugraha et
al. [16] studied the implementation of a rough set on a group
structure. Furthermore, Ayuni et al. [17] studied the rough U-
exact sequence of rough groups. Then in 2023, Yanti et al. [18]
studied the implementation of a rough set of projective modules.
Some researchers also study the rough sets on the structure of
semirings, i.e., Praba et al. [19], Manimaran et al. [20], and Sel-
van and Kumar [21]. Recently, no researcher has constructed a
rough semimodule over a rough semiring, so in this research,
we try to construct it and provide some properties related to the
rough semimodule over a rough semiring.

2. METHODS

This research was conducted through a literature study, in-
volving the collection and analysis of relevant materials from
scholarly references such as journals and academic books. The
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methodological foundation is based on the concepts of upper
and lower approximation spaces, rough semimodules, rough
semirings, and rough subsemimodules.

The primary objectives of this study are to define and ex-
plore the algebraic structures of rough semimodules over rough
semirings, to investigate the properties of their substructures,
and to construct illustrative examples. The research is carried
out through the following stages:

1. We formulate the definition of a semimodule over a rough

semiring within the framework of an approximation space.

2. We examine the structural properties of rough subsemi-
modules over rough semirings in the same context.

3. We analyze the conditions under which the intersection of
rough subsemimodules forms a subsemimodule of a rough
semimodule.

4. We construct specific examples to illustrate and validate
the theoretical properties established in the previous stages.

3. RESULTS AND DISCUSSION

Given an approximation space (U, ), where U is a non-empty
set and y is an equivalence relation on U. We give the definition
of rough semimodule over rough semiring as follows.
Definition 1. Given an approximation space (U, y), a rough
semiring S, and a monoid commutative group M. M is called
a rough left semimodule over rough semiring S if there is a

mapping

- 1 Apr(S) x Apr(M) — Apr(M), (r,m)— rm
such that:

1. r(my+my) = rmy+rmgy, for every r € Apr(S), and my, m; €
Apr(M);

2. (ry + rp)m = rim + r,m, for every ri,r, € Apr(S), and
m € Apr(M);

3. (nrp)m = ri(r.m), for every ri,r; € Apr(S), and m €
Apr(M);

4. 1m = m, where 1 is a unit element of S, and m € Apr(M).

A rough right semimodule over rough semiring S can be
defined similarly. In the following proposition, we give sufficient
conditions for a set to be a rough subsemimodule over a rough
semiring.

Proposition 1. Given an approximation space (U, p) and Y
is a rough semimodule of rough semiring X in U. If S € Y with
Apr(S) = T, where T is a submodule of Y, then S is a rough
subsemimodule of Y.

Proof.

1. Given arbitrary a,b € S C T. Since T is a subsemimodule
of Y, we have a+ b € T. Then a+ b € Apr(S). Hence, we
obtain that a + b € Apr(S), for every a, b € S.

2. Given arbitrary r € X, a € S C T. Since T is a subsemi-
module of Y, we obtain ra € T and hence r - a € Apr(S).
From this result, we have S is a rough subsemimodule of
rough semiring X in approximation space (O, p). [
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The following example is given as an illustration of Proposi-
tion 1.

Example 1. Given a universal set (U, ) with O = Zy,. The
relation p on set U was defined for every aub if a — b = 6k for
k € Z. For equivalence classes in the set U, the equivalence
relation y is as follows:

Vi = [0] = {0, 6, 12, 18}
V,=[1]1=1{1,7,13,19}
Vs =[2] =1{2,8,14}

Vi =[3] =1{3,9,15}

Vs = [4] = {4, 10, 16}
Vs = [5] = {5, 11,17}

Now, we will give an example of rough semiring. Given a
non-empty subset of set U, for example, X C U, where X =

mation space of (U, ) that has been known previously, lower
and upper approximations of X are obtained as follows:
Apr(X) = {x [ [x]r € X} = &;

Apr(X) ={x | [x]gnX # 2} =0

To prove that X is a rough semiring, we will use the following
Cayley table in Table 1.

Table 1. Cayley Table of X

4| 0 1 6 9 10 11 14 19
0|0 1 6 9 10 11 14 19
1|1 2 7 10 11 12 15 0
6 |6 7 12 15 16 17 0 5
919 10 15 18 19 0 3 8

0 (170 11 16 19 0 1 4 9

1 (11 12 17 0 1 2 5 10

4|14 15 0 3 4 5 8 13

919 0 5 8 9 10 13 18

Based on Table 1, it is proven that:

1. For every x,y € X, x +5 y € Apr(X);

2. For every x,y,z € X, (x +20 ¥) +20 2 = X +30 (¥ +20 2)

applies in Apr(X);

3. Thereis 0 € Apr(X), therefore applies x+50 = 0+3x = x;

4. For every x,y € X applies x +39 y = y +30 x, therefore, X

with operation +; is commutative.

Now, we will check for the operation of multiplication mod-
ulo 20 in X. The following Cayley table for multiplication modulo
20 in X is presented in Table 2.

5. x5 ¥ € Apr(X), for every x, y € X;

6. (x 20 ¥) 20 2 = X 99 (¥ o0 2) satisfied in Apr(X), for every

x,¥,2€X;

7. The left distributive and right distributive laws hold in

Apr(X).
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Table 2. Cayley Table Operation -5

9 |0 1 6 9 10 11 14 19
0o/0 0 0 O 0 O 0 O
1/0 1 6 9 10 11 14 19
6|10 6 16 14 0 6 4 14
910 9 14 1 10 19 6 11
0(0 10 0 10 0 10 0 10
1|0 11 6 19 10 1 14 9
4]0 14 4 6 0 14 16 6
19/0 19 14 11 10 9 6 1

From (1-7), it is proven that X is a rough semiring of approx-
imation space (U, ). After rough semiring in approximation
space is obtained, in the following, an example of rough semi-
module will be constructed using the approximation space in
Example 1.

15, 16, 18, 19}. In a known approximation space (U, p1), lower and
upper approximation of subset Y was determined. The lower
and upper approximations of Y are:

Apr(Y) ={y | [ylr € Y} = Vs = {4, 10, 16}

Apr(Y) ={y|[ylrnY=2}=0

The following Cayley table of Y was constructed to show
that the set is contained in an upper approximation of Y.

Table 3. Cayley Table Operation 4+, in Y

+» | 0 1T 2 4 5 8 10 12 15 16 18 19
0 o 1 2 4 5 8 10 12 15 16 18 19
1 1 2 3 5 6 9 11 13 16 17 19 0
2 2 3 4 6 7 10 12 14 17 18 0 1
4 4 5 6 8 9 12 14 16 19 0 2 3
5 5 6 7 9 10 13 15 17 0 1 3 4
8 8 9 10 12 13 16 18 0 3 4 6 7

0 |10 11 12 14 15 1 0 2 5 6 8 9

12 |12 13 14 16 17 0 2 4 7 8 10 11

5|15 16 17 19 0 3 5 7 10 11 13 14

6 |16 17 18 0 1 4 6 8 11 12 14 15

|18 19 0 2 3 6 8 10 13 14 16 17

9|1 o 1 3 4 7 9 11 14 15 17 18

Based on Table 3, it is proven that:

1. For every x,y € Y, implies x +3 y € Apr(Y);

2. For every x,y,z € Y, (x +20 y) +20 2 = x +20 (¥ +20 2)

satisfied in Apr(Y);

3. There is 0 € Apr(Y), therefore for every x € Y implies

x+20(_)=(_)+20x:x;

4. For every x,y € Y implies x +39 y = y 42 x, therefore Y

with operation +, is commutative.
Therefore, it is proven that Y is a rough monoid.

Next is to determine that Y is the upper rough semimodule
of rough semiring X. The following is Cayley’s table of scalar
multiplication of upper rough semimodule of rough semiring.

Based on Table 3 and Table 4, it was obtained:

© 2024 The Authors.
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Table 4. Cayley Table for Scalar Multiplication in Y

0o 1 2 4 5 8 10 12 15 16 18 19
o|0 o O O O O O O O O o0 ©0
1/]0 1 2 4 5 8 10 12 15 16 18 19
6|0 6 12 4 10 8 0 12 10 16 8 14
910 9 18 16 15 12 10 8 15 2 4 11
/0 10 0 10 0 0O O O 0O o0 0 10
1|0 11 2 4 15 10 12 5 16 18 9 3
140 14 8 16 10 12 0 14 2 4 12 6
9|0 19 18 16 15 12 10 8 5 4 2 1

1. a9 (x 42 y) = (@90 x) +20 (a9 y), for every a € X and
x,y€Y.

2. (@420 b) 20 x = (a9 x) +20 (b -2 x), for every a,b € X
andx €Y.

3. (@20 b)90x=a- (b x),foreverya, b e XandxeY.
4. There is 0 € Apr(X), therefore for every x € Y implies
130 x = x, with 1 as a unit element of X.
It is proven that Y is the upper rough semimodule of rough
semiring X.
Example 3. Given a non-empty set Y

C OwithY =

15}, then we obtain: Apr(S") = {x | [x]r € S’} = @; Apr(S) =
{x|[x]gnS =+ 2}=0.
Now, we will check that S’ is a rough subsemimodule of Y:

1. Given any a, b € §’, Table 5 shows that a +49 b € Apr(S’).

Table 5. Cayley Table Operation +; in S’

4| 0 T 5 8 10 15
0|0 1 5 8 10 15
1|1 2 6 9 11 16
5|5 6 10 13 15 0
8 |8 9 13 16 18 3

10 [10 11 15 18 0 5

1515 16 0 3 5 10

2. Given any r € X, a € §, Table 6 shows that r -, a €
Apr(S).

Table 6. Cayley Table for Scalar Multiplication

9 [0 1 5 & 10 15
oj0o 0 0 0 0 O
1/0 1 5 8 10 15
6|0 6 10 8 12 10
9]0 9 5 12 10 15
10/0 10 10 0 0 10
110 11 15 8 10 5
4|0 14 0 12 0 10
9|0 19 15 12 10 5

Therefore, it can be concluded that S’ is a rough subsemi-
module of rough semimodule Y over rough semiring X.
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In the following proposition, we will show that the properties

of the intersection of rough subsemimodules.

Proposition 2. Given an approximation space (U, ) and Y

is a rough semimodule of rough semiring X in G. If $;, S, ..., S,
are rough subsemimodules of Y over rough semiring X, then
N, S; is also a rough subsemimodule of rough semimodule Y
if (L, Apr S; = Apr (L, S

Proof.

1. Given arbitrary a, b € [, S;. By assumption, Sy, S, ..., Sy
are rough subsemimodules of Y over rough semiring X.
Therefore, we obtain a,b € ()L, S; C S, for every i =
1,2,...,n. Since S; is a rough subsemimodule, for every
i=1,2,...,n,itis obtained that a + b € Aipr Si, for every
i = 1,2,...,n and hence we have a + b € (., Apr S;.
Now, since (L, Apr S; = Apr ()., S;, we have a+ b €
Aipr ﬂinzl Si-

2. Given arbitrary r € X, a € ﬂi”:l Si. By assumption, Si, S,,
..., Sy are rough subsemimodules of Y over rough semiring
X. Therefore, we obtain a € (L, S; C S, for every i =
1,2,...,n. Since S; is a rough subsemimodule, for every
i=1,2,...,n, it is obtained that ra € Aipr Si, for every i =
1,2,...,n and hence we have ra € (., Aipr S;. Now, since
L, Apr S; = Apr (L, Si, we have ra € Apr (L, Si.

Therefore, from 1 and 2 it is proven that ()., S; are rough sub-

semimodules of Y. [ |
The following is an example to illustrate Proposition 2 by
taking n = 2.

Example 4. Given a non-empty set S C Y with &' =

{0,170} Apr (' nS”) ={x | [x]r € X} = @; Apr (' n §”) =
Vi u Vg ={0,4,6, 10,12, 16, 18}.
Now, we will show that $’ n S” is a rough subsemimodule of
a rough semimodule Y that satisfies the following axioms:
1. Based on Table 7, we have a+4 b € Apr(S'nS”), for every
a,besSns”.

Table 7. Cayley Table for +, in Apr (S' n S”)

4|0 0 T
00 0 0
0|17 1 0

2. Table 8 shows that u -y a € Apr(S’ n S”), for every u € X
andae S nS”.

Table 8. Cayley Table for Scalar Multiplication in Apr (S’ n $)
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2
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ol ol 3|
_
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0
10

| ol
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Based on axioms 1 and 2 that have been satisfied, it can
be concluded that §’ n §” are rough subsemimodules of rough
semimodule Y over rough semiring X.

© 2024 The Authors.
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4. CONCLUSIONS

A rough semimodule over a rough semiring can be constructed
using an approximation space (U, i) where U is a universal set
and y is an equivalence relation on U. Given an approximation
space (U, p) and Y is a rough semimodule of rough semiring X in
U.If S C Y with Apr(S) = T, where T is a submodule of Y, then
S is a rough subsemimodule of Y. Furthermore, if Sy, S,, ..., S,
are rough subsemimodules of Y over rough semiring X, then
iz, S: is also a rough subsemimodule of rough semimodule Y

if (L, Apr S, = Apr (N, 5.
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