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Clean Rings, Clean Modules, Assume that R is a ring with identity. A ring R is said to be clean when each of its elements can
Strongly Clean, Endomorphism, be written as the sum of an idempotent and a unit element within the ring. A stronger condi-
Integers Modulo tion, known as strongly clean, requires that these elements commute under multiplication.

As a special case, a module M over ring R is called a clean module when the endomorphism
ring of the M is a clean module over R. Moreover, when the ring endomorphism of R-module
M is a strongly clean, then the module M is referred to as a strongly clean. We know that
the integers modulo n, denoted by Z,, is a ring by the set of congruence classes modulo n,
with standard addition and multiplication operations. In this study, we explore the cleanness
properties of the ring Z, and establish that it is a strongly clean ring. Furthermore, we study
about the cleanness of Z, as a module over Z and investigate the strongly cleanness of it
module.
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1. INTRODUCTION about strongly clean rings, as exemplified by [16].

The cleanness concept also extends to modules. An R-module
M, it is possible to construct a homomorphism from M to itself,
known as an endomorphism. The set of all endomorphisms,
represented by Endgr(M), forms a ring with addition and com-
position functions operation [17]. Furthermore, the R-module
M is regarded as clean if its endomorphism ring is a clean [18].
Similarly, when the endomorphism ring is strongly clean, the
module M is called a strongly clean module [18, 19]. Krisnamurti
has studied in the right clean modules [20]. Further investiga-
tions into clean modules are presented in studies such as [21, 22].
Meanwhile, the concept has also been extended to clean comod-
ules and clean coalgebra, as discussed in [23, 24, 25].

Let Z, be the set of integers modulo n, where n is a natural
number. It is well known that Z,, equipped with addition and
multiplication operations modulo n, forms a commutative ring
with identity. When n is a prime, Z, forms a field and its already
known as a clean ring [3]. However, when n is a composite
number, Z, is not a field, and there is no general guarantee that
it is clean. On the other hand, Z,, can also be viewed as a module
over Z. Furthermore, since Z, is a commutative ring, then also
satisfies the stronger property of being strongly clean. This study

The property known as cleanness is well understood in the ring
and module theory. The notion of a cean ring was initially
proposed by WK. Nicholson in 1997, a ring is called clean if each
of its elements can be represented as the sum of an idempotent
and a unit element [1]. In [2] has studied right clean rings,
extending the idea of clean rings through the use of right unit
elements, and in [3] have studied that field is a clean ring. Kosan
et al. have explained the concept of weakly clean rings [4]. In
addition, the exploration of the cleanness property of semirings
has been studied in [5, 6]. Yuwaningsih et al. have studied the
cleanness property of the ideal and the regular element of it [7].
The study of clean rings and their properties has been extensively
studied, such as in [8, 9, 10].

On the other hand, when these unit and idempotent elements
of clean elements commute under multiplication, the ring is
known as a strongly clean ring [11]. In [12] have explored the
new subclass of strongly clean rings and [13] had examined the
conditions that affect the strongly clean property in rings. Cui
and Wang have investigated the properties of strongly*-clean
ring [14]. Das and Kar have studied the strongly clean property
of semirings [15]. Moreover, many researchers have learned
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aims to prove that Z, is a clean ring for every n € N, as well as
to investigate its cleanness as a Z-module, and investigate the
strongly cleanness of it module.

2. METHODS

This study employed a theoretical approach based on a literature
review. The focus lies on investigating the cleanness property
of Z, both as a ring and as a module over Z. The research pro-
cedure in this study involves exploring the concepts from ring
and module theory, with a particular focus on unit elements,
idempotent elements, endomorphism module, and the cleanness
properties of rings and modules. This exploration was conducted
through an extensive literature review by studying relevant the-
ories from textbooks, i.e [26, 27, 28] and recent research articles
about the cleanness property in rings and modules. The Figure
1 illustrates the summary of prior research and the current state
of this research, which is presented below.

| Z-module Z,, |

Clean Ring Z,

Clean Ring 7, I| Clean Module |
Strongly Clean
Module

Strongly Clean
Ring

Figure 1. The Current State of Knowledge in this Research

3. RESULTS AND DISCUSSION

Given a ring (Z,, +,,,) with n € N. Let Z, represent the set
of integers modulo a prime p € IN. The ring is known to be
commutative ring in which every nonzero element of Z, have
a multiplicative inverse. Consequently, Z,, forms a field. Con-
versely, when considering the ring Z; be the ring where k € IN is
composite, the structure fails to form a field due to the existence
of nonzero elements lacking multiplicative inverses. Further-
more, for any integer n, the structure Z, admits the intepretation
of a Z-module. In this study, we will discuss the cleanness prop-
erty of Z, both as a ring and a Z-module. Additionally, the
cleanness property of the matrix over Z, will be investigated.
We begin by exploring the cleanness property of the ring Z,,.

3.1 The Cleanness Property in the Ring of Z,
Previously, it was explained that there is a difference between
the ring Z,, with p € IN is assumed to be prime, and the ring Zj,
where k is a composite number. The ring Z, known as a field,
and according to [3], a field is also a clean ring. The following
lemma confirms the clean property of the ring Z,.

© 2024 The Authors.
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Lemma 1. [3] For every prime p, the ring Z.,, forms a field. Thus,
Z., qualifies as a clean ring.

Proof. It will be proven that Z, as a field, qualifies as a clean
ring by expressing that each of its elements as the sum of an
idempotent and a unit. Since the ring Z,, is a field, every nonzero
elements serve as units, i.e. U(Z,) ={a € Z, | a # 0} and an
idempotent element of Z, are Id(Z,,) = {0, 1}, then

(a) For x = 0, the zero element:

x=14,p-1=1+p—-1=1-1+p=p=0.

Since every nonzero element in Z, is a unit, there are (p — e Z,
is an unit elements. Moreover, 1 is an idempotent element. There-
fore, the zero element (0) is a clean element.

(b) For x # 0, a nonzero element of Z,:
x=0+,x.

Since % # 0, then x € U(Z,) and we know that 0 € I1d(Z,), it
follows that every nonzero element X € Z, satisfies the condition
of being a clean element.

Based on (a) and (b), we conclude that every element x € Z,
is a clean element. As a result, the ring Z,, is a clean. O

As has been established, the ring Z, is a field. Therefore, it
is a commutative ring, and by the consequence of Lemma 1, it
also satisfies the condition of strongly clean elements, as stated
in the following lemma.

Lemma 2. Given any prime p, the ring Z, qualifies as a strongly
clean.

Proof. In Lemma 1, it has been proven that the ring Z, is a clean.
Moreover, as Z,, is a field, it has the commutative property of its
multiplication operation “,”. Based on this, the condition of a
strongly clean ring is satisfied, i.e., the multiplication operation
between an idempotent and a unit is commutative. Hance, it
follows taht the ring Z, qualifies as strongly clean. O

It is well known that composite numbers can be expressed as
the product of prime numbers. We will investigate the cleanness
of the ring Zj, where k is a composite number.

Theorem 1. Let (Zg, +x, ) be a ring with unity element 1. For
every composite number k € IN, the ring Zy is a clean.

Proof. 1t is known that k is a composite number that can be
expressed as the product of prime numbers. Based on this, we
will prove that the ring Zy is a clean ring by showing that

Ly =Ly, x Lip, X -+ X Lp,.
A mapping ¢ is defined as follows:
Ot Ly —> Ly, x Ly, x XLy,

a > §(a) = (amod py,a mod p,,...,a mod p;).
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It should be recalled that, based on [29], it has been stated that
the direct product formed from rings itself constitutes a ring.
Thus, Z,, x Z,, % -+ x Z,, forms a ring. It is shown that

Ly =Ly XL, XX Ly,

by proving that the mapping ¢ is a ring isomorphism.

(a) The mapping & preserves the addition operation.
To prove that the mapping J preserves the addition operation,
we need to show that for every b, d € Zj, we have

5(b +1 d) = 8(b) + 5(d).
LHS:

5 +r d)=38(b +d)
= ((b + d) mod p;, (b + d) mod p,, ...,
(b + d) mod p;)
= ([(b mod p;) + (d mod p;)] mod py,
[(b mod p,) + (d mod p)] mod ps,
[(b mod p;) + (d mod p;)] mod p;).
RHS:

5(b) + 6(d) = (b mod py, b mod p, ..., b mod p;)+
(d mod p;,d mod p,,...,d mod p;)

= ([(b mod p;) + (d mod p;)] mod py,
[(b mod p;) + (d mod p,)] mod p,,

veey

[(b mod p;) + (d mod p;)] mod p;).
By comparing both sides, we see that
5(b +1 d) = 8(b) + 5(d).

Therefore, it is concluded that the mapping § preserves the
addition operation from the ring Zy to the ring Z, xZ,,x---xZ.,,.

(b) The mapping J preserves the multiplication operation.
We investigate whether the mapping & preserves multiplication
by showing that for every b, d € Zy, it holds that

85(b - d) = 68(b)- 5(d).
LHS:
85(b - d)=6(b-d)
= ((b - d) mod py, (b - d) mod py, ..., (b - d)
mod p,»)
= ([(b mod p;) - (d mod p;)] mod py,
[(b mod p,) - (d mod p,)] mod ps, ...,
[(b mod p;) - (d mod p;)] mod p,»).

© 2024 The Authors.
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RHS:
8(b) - 8(d) = (b mod py, b mod p,, ..., b mod p;)-
(d mod p;,d mod p,,...,d mod p;)
= ([(b mod p) - (d mod p1)] mod py,
[(b mod p,) - (d mod p,)] mod ps, ...,
[(b mod p;) - (d mod p;)] mod pl-).

Based on the results of the LHS and RHS, we find that LHS
= RHS. Therefore,

8(a- b) = 8(a)- 5(b).

This proves that the mapping & preserves the multiplication
operation from the ring Zy to the ring Z,, x Z,, x -+ x Z,,,.

(c) The mapping ¢ is an injective.
We will investigate that the mapping § is injective by showing
that ker(8) = {0} € Z. Given that a € ker(§), then

4(a) = (a mod py, a mod p,,...,a mod p;) = (0,...,0).

It follows that

amod p; =0,
so that
a=0 (mod p;).

This means that p; | a, for j = 1,2,...,i. Furthermore, since the
pj are coprime factors of k, from the basic properties of integers,
we have

k=pip:pila
Thus,

a=0 (mod k),
which implies

a=0¢Z.

Therefore, it was obtained that ker(§) = {0}. So, it is proven that
the mapping 9 is injective.

(d) The mapping 9 is a surjective.
Prove that the mapping § is surjective by showing that for every
element
(l;l, Ez, veesy E,) € ZPl X sz X oo X Zp,"
there exists a € Z such that
5(6_1) = (bl mod P15 b; mod pl)

Given a € Zy, then

é(a) = (a mod py,...,a mod p;) = (b; mod py, ..., by mod p;).

Page 45 of 48



‘Aliyah et. al.

Consequently, we get
amod p; = b; mod pj,

so that the following system of congruences is formed:

a=b; (mod p;)
a=b, (mod p,) )
a=b; (mod p;)

where the p; are pairwise coprime. Based on the Chinese Re-
mainder Theorem [30], the system of congruences (??) has a
unique solution modulo. Thus, it is proven that the mapping §
is surjective.

Based on the results in steps (1) — (4), we see that the mapping
d is a homomorphism exhibiting injectivity and surjectivity.
Hence, the homomorphism § is an isomorphism, which implies
that Zy = Z,,, x Z,, x -+ x Z,,. According to Lemma 1, it was
stated that for any prime p € NN, the ring Z, is a clean. On the
other hand, as explained in [31], the Cartesian product of clean
rings is also a clean ring. Therefore, it can be concluded that
the ring Z,, x Z,, x -+ x Z,, is a clean ring. Furthermore, since
Zy = 2y, x Zp, X -+ x ZL,,, consequently, the ring Zy is also a
clean. Thus, it has been proven that for any composite number
k € N, Zj can be classified as a clean ring. O

By Lemma 2, it has been shown that the ring Z,, is a strongly
clean, and as a consequence, we will identify the strongly clean
property on Z.

Theorem 2. For every composite number k, the ring Zy is a
strongly clean.

Proof. Using the same analogy as in Theorem 1, we obtain that
Zy = Ly XLy, %X L, Referring to Lemma 2, which establishes
that each Z, is a strongly clean, its can deduce that the direct
product Z,, x Z,, x - x Z,, also satisfies the strongly clean
property. Consequently, it can be conclude that the ring Zy is a
strongly clean. 0

Based on Lemma 1, Lemma 2, Theorem 1, and Theorem 2,
we conclude that both Z,, for prime p and Z; for composite k
there are clean and strongly clean rings, which gives rise to the
following corollary.

Corollary 1. For every natural number n € N, the ring Z, is
both a clean and a strongly clean.

In the following theorem, we investigate the cleanness prop-
erties of the image of a homomorphism from the clean ring
Zy.

Theorem 3. Let Z, be a strongly clean ring, and let R be any
ring. If there exists a ring homomorphism j : Z, — R, then the
image of j, denote by Im(}), is also a strongly clean.

© 2024 The Authors.
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Proof. According to Corollary 1, it is already known that Z,, is
a clean ring. Then, for every a € Z,, there exist a unit element
# and an idempotent element € such that @ = é +, @. By the
definition of a ring homomorphism j, it holds that

j(a) = je+, u) = j(e) + j(a).
Since j is a homomorphism, we have the following:

(a) For every @ € U(Z,), it holds that j(#) is a unit element in
Im(j). We know that @ € U(Z,), so there exists w € Z, such
that

j@@) - j(w) = j(ia -, w) = j(1) = 1g.

(b) For every é € 1d(Z,), it holds that j(é) is an idempotent
element in Im(j), because

J(@) - j(&) = j(é-n &) = j(e).

Since Im(§) is a subring of R, it naturally inherits the ring struc-
ture. Moreover, every element in Im(j) can be written as the sum
of an idempotent and a unit. Therefore, Im(j) qualifies as a clean
ring. Recall that the ring Z, is a strongly clean, the equality
e = eu holds. Then we have the following result in Im(}):

Jj(@) - j(&) = j(ue) = j(eu) = j(&) - j(@).
Thus, the clean ring Im(}) is a strongly clean. O

3.2 The Cleanness Property in the Ring Matrix over Z,
Since Z, is known to be a clean ring, we examine the cleanness
of the matrix ring M,,(Z,).

Theorem 4. Let (Z.,,+,,n) be a ring, for every natural number
n € IN. Then the ring M, (Z,) is a clean.

Proof. Referring to [1], it is explained that if the ring R is a clean,
then M,,(R) is also a clean. Since in Corollary 1 it has been
proven that the ring Z, is a clean, this implies that M,,(Z,) is a
clean. O

Theorem 5. Let (Z,,+,,n) be a ring, for every natural number
n € N. Then the ring My(Z,) qualifies as a strongly clean.

Proof. According to [32], it has been known that M,(Z,) exhibits
strongly cleanness property for every prime p. Based on Theo-
rem 1, we have the ring isomorphism: Z; = Z, xZ,,x---xZ.,,, for
every composite number k, where the p; are pairwise coprime
prime factors of k. Consequently, we have:

My(Zi) = My (Zp, X Zp, x -+ X Zy,)
= Mz(Zpl) X Mz(sz) X eee X Mz(Zpi).
Since each M,(Z,) is strongly clean, and the direct product of
strongly clean rings is also strongly clean, it follows that M,(Zy.)
is strongly clean. Therefore, since both M,(Z) and M,(Z,)

are strongly clean, we conclude that My(Z,) is also strongly
clean. O
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3.3 The Cleanness Property in the Z-Module Z,

Since Z, is known to be a clean ring, we will investigate that
7., regarded as a module over Z, qualifies as a clean module as
well.

Theorem 6. Let Z, be an abelian group and Z be a ring with
unity. If Z,, is regarded as a module over Z., then the Z-module
Z., is a clean module.

Proof. We aim to prove that the Z-module Z, is a clean by show-
ing that the ring Endz(Z,) is a clean ring. Define a function ¢
as follows:

§: Zy, > Endz(Z,), @~ §@) = jo,
with

Jo i Ly > 2y

x — j,(¥) = ax = ax mod n.

(a) The function & preserves addition.
Suppose b, d € Z,, then

E(b +n d) = jpsa.
Given x € Z,, we have
Jo+a(®) = (b + d)x
=bx +dx
=bx+, dx
= Jjo(X) +n ja(%).

Hence, for all X € Z,, we get jy+a(X) = jp(X) +» ja(¥), which
implies £(b +, d) = £(b) +, £(d). Thus, & preserves addition.

(b) The function ¢ preserves multiplication.
We show that for every b, d € Z,, then

Eb -y d) = E(bd) = jpa-
Given any X € Z,, it follows that
Jjba(x) = (bd)x
= b(dx)
= jp(dx)
= jp(Ja(x))
= (i © ja)(%).
Hence, &(b -, d) = £(b) o £(d). Thus, & preserves multiplication.

(c) The function ¢ is injective. B
We show that ker(¢) = {0}. Suppose b € ker(¢), then

Eb)=fy =0.
Take any x € Z,, so

jd@)=bx=0=bx=0 (mod n).

© 2024 The Authors.
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Since this holds for all X € Z,, we take ¥ such that ged(x, n) = 1,
so x~! exists. Then

bx=0 (modn)=b=0 (modn)=b=0
Therefore, ker(£) = {0}, so ¢ is injective.

(d) The function ¢ is surjective.

We show that for any j € Endz(Z,), there exists a@ € Z, such
that £(b) = ji. Let j € Endz(Z,), since j is a Z-module homo-
morphism, it holds that

J=Jolz,
Given X € Z,, which implies that
J&X) = jz,(2) = jA %) = j(1) » X
Thus, for any X € Z,,
J&®) = J(@) - X = jiy(X)-
So j = j, with b = j(1), i.e.,
Jj= &)
Hence, ¢ is surjective.
Referring to parts (a) through (d), we conclude that the func-
tion & defines a ring isomorphism. Therefore, Z, = Endz(Z,).

Since Z., is a clean ring, then Endz(Z.,) is also clean. Hence, Z,
satisfies the conditions of a clean module over Z. O

As a consequence of Corollary 1, we further investigate the
strongly clean property of Z, as a Z-module.

Theorem 7. Given that Z, is an abelian group and Z. is a ring
with unity. If Z,, is regarded as a Z-module, then the Z-module
Z, is a strongly clean.

Proof. Given the same analogy as in Theorem 6, it is found that
Z., = Endz(Z,). Referring to Corollary 1, since the ring Z, is a
strongly clean, this impiles that Endz(Z,) inherits the strongly
clean property. Consequently, the Z-module Z, is a strongly
clean. O

4. CONCLUSIONS

In this study, we have shown that the ring Z, is clean, not only
in the case when a n is a prime, where Z,, forms a field, but also
when n is a composite. It has already been demonstrated that
Z., for n a composite number is isomorphic to the direct product
of the ring Z,,), where each p; is a prime divisor of n. Since
a finite direct product of clean rings is also clean, this leads to
conclusion that the ring Z, remains clean even for composite
n. Furthermore, due to the isomorphic relationship between
the endomorphism ring of the Z-module Z, and the ring Z,,
the module inherits the clean property. Additionally, because
Z, is a commutative ring, its unit and idempotent elements
commute. This implies that Z, is not only clean but strongly
clean, and consequently, the module Z, is also strongly clean.
Moreover, the cleanness property also applies to M,,(Z,), for
every m,n € N. However, it is certain that My(Z,) is strongly
clean.
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